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Macromolecular modeling techniques
have contributed enormously to our un-
derstanding of macromolecular struc-
tures and their relationships to biolog-
ical function. As computers become
more and more powerful, modeling
should become a truly predictive sci-
ence, offering insights into structure-
function relationships in systems where
a single, static structure is an insuffi-
cient description, and providing guid-
ance for the rational design of drugs and
engineered macromolecules. For mod-
eling methods to realize their full po-
tential as predictive tools, they must be
as accurate as possible.
In this issue, Oberoi and Allewell (1)
present a method that offers signifi-
cant improvements in the speed and
accuracy of the treatment of molecular
electrostatics, which is currently the
largest source of error in the most com-
mon quantitative modeling algorithms
(energy minimization, molecular dy-
namics, and Monte Carlo). The inde-
pendent development of this same ap-
proach was recently reported by Holst
and Saied (2).
Electrostatic interactions are often
modeled with a modified Coulombic
approximation. Coulomb's law is the
solution to Poisson's equation around a
point charge in the case of a homoge-
neous system with a uniform dielectric
constant. This is inappropriate for a
macromolecule under physiological
conditions, because the macromolecule
has a low dielectric constant (-2-4),
and it is surrounded by a solution with
a high dielectric constant (-80) and
containing mobile ions. In this case, the
proper mathematical treatment of elec-
trostatic interactions requires the solu-
tion of the Poisson-Boltzmann equation
(PBE).
The PBE does not have analytical so-
lutions except for very simple geome-
tries, so numerical methods are re-
uses the finite difference method, pio-
neered by Warwicker and Watson (3)
and extended and improved by efforts
in many laboratories over the past dec-
ade. Finite differences have been ap-
plied to both the complete nonlinear
form of the PBE and the linearized
PBE, a frequently used approximation.
(The linearized PBE makes the approx-
imation sinh(x) = x, x being the ratio of
the electrostatic energy of a unit test
charge to the thermal energy,
x= e4(r)l(kT),
where e is the charge on the proton, +(r)
is the electrostatic potential at point r,
k is Boltzmann's constant, and T is the
absolute temperature.)
The finite difference method requires
a regular cubic grid, which introduces
several approximations and their ac-
companying errors. In particular, the
molecular shape must be described by
cubic elements, and the charges on each
atom must be distributed onto points on
the grid. A balance must be struck be-
tween the desire for accuracy, which re-
quires a very fine grid, and the burden
of computational costs, which rise rap-
idly with the number of grid points. In
typical macromolecular applications,
the length of each grid element is about
1 A.
Oberoi and Allewell (1) describe a
major improvement in the efficiency of
the finite difference algorithm for solv-
ing the nonlinear PBE, using a multi-
grid approach. Multigridding reduces
the computational time very signifi-
cantly. For example, with a grid of 11 13,
the Oberoi and Allewell algorithm was
faster by a factor of 10 than optimized
successive overrelaxation, generally re-
garded as a very efficient method. Thus,
much finer grids can be used for a given
investment of CPU time. And finer
grids mean greater accuracy. Earlier
this year, Holst and Saied (2) had shown
similar results, using the same approach
to solve the linearized PBE.
Multigridding accelerates the con-
vergence of numerical solutions to dif-
ferential equations by working alterna-
tively on a fine grid, where an
approximate solution is obtained, and
equations are solved to high accuracy.
The corrections obtained on the coarse
grid are interpolated back to the fine
grid. The multigrid method gets its ef-
ficiency from the fact that the low fre-
quency (long wavelength) part of the
error is distributed across the whole
system much more rapidly on the
coarse grid than it would be when
working only on the fine grid. This in-
troduces almost no additional over-
head, since calculations on coarse grids
are very rapid.
One of the most important results of
this research is the demonstration that,
the finer the grid, the greater the gain in
efficiency given by multigridding.
Computational cost grows very slowly
with number of grid points, when com-
pared to optimized successive overre-
laxation (Fig. 4 of Ref. 1); a fine grid of
1813 was solved effortlessly when
modeling lysozyme, with a resolution
of 0.28 A. Similar observations about
efficiency were obtained when multi-
gridding was compared to a variety of
other methods (Fig. 4 of Ref. 2).
Oberoi and Allewell have used their
new method to carefully examine the
predicted pKa of several residues in
lysozyme. When these are calculated
for slightly different crystallographic
conformations of the protein, the vari-
ation in calculated pKa is often larger
than the difference between calculated
and experimental pKa. Similar results
were reported earlier, based on varia-
tions in electrostatic interactions ob-
served in molecular dynamics simula-
tions (4, 5). These variations, ranging
up to 2 pKa units, suggest that calcula-
tions based on a single crystal structure
may not always be accurate, and con-
formational averaging may be needed.
I must admit that initially the remark-
able improvement in computational ef-
ficiency was somewhat dismaying to
me. You and I have just introduced a
new method for solving the linearized
PBE, based on the finite element ap-
proach (6). Finite elements have two
main advantages over the finite differ-
ence method. First, noncubic elements
can be used, offering a more accurate
description of molecular surfaces. Sec-
ond, atomic charges keep their true po-
on coarser grids, where the residual
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onto grid points. We have shown that
our method is indeed more accurate
than the finite difference approach, and
we argue that it is nearly competitive
from a cost standpoint (6), but speedups
of the finite difference algorithm from
multigridding obviously attack that ar-
gument. Oberoi and Allewell suggest
that "a hybrid technique that uses finite
elements at the protein boundary and fi-
nite difference elsewhere is feasible
within the formulation of the multigrid
method and may ultimately be the so-
lution of choice, since it would combine
the speed of multigrid with the accura-
cy of finite elements where they are re-
quired." This is indeed a very exciting
prospect, particularly when considering
how to improve the treatment of elec-
trostatics in molecular dynamics and
Monte Carlo. Sharp has demonstrated
the feasibility of using numerical solu-
tions to the PBE in molecular dynamics
(7). Multigridding promises even great-
er accuracy, using finite differences, fi-
nite elements, or the hybrid approach
suggested by Oberoi and Allewell.
REFERENCES
1. Oberoi, H., and N. M. Allewell. 1993. Mul-
tigrid solution of the nonlinear Poisson-
Boltzmann equation and calculation of titra-
tion curves. Biophys. J. 65:48-55.
2. Holst, M., and F. Saied. 1993. Multigrid so-
lution of the Poisson-Boltzmann equation. J.
Comp. Chem. 14:106-113.
3. Warwicker, J., and H. C. Watson. 1982. Cal-
culation of electric potential in the active site
cleft due to a-helix dipoles. J. Mol. Biol. 155:
53-62.
4. Wendoloski, J. J., and J. B. Matthew. 1989.
Molecular dynamics effects on protein elec-
trostatics. Proteins. 5:313-321.
5. Northrup, S. H., T. G. Wensel, C. F. Meares,
J. J. Wendoloski, and J. B. Mathew. 1990.
Electrostatic field around cyrochrome c: the-
ory and energy transfer experiment. Proc.
Natl. Acad. Sci. USA. 87:9503-9507.
6. You, T. J., and S. C. Harvey. 1993. Finite
element approach to the electrostatics of
macromolecules with arbitrary geometries.
J. Comp. Chem. 14:484-501.
7. Sharp, K. 1991. Incorporating solvent and
ion screening into molecular dynamics using
the finite difference Poisson-Boltzmann
method. J. Comp. Chem. 12:454-468.
